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Models of neutron stars (NSs) with hyperon cores are constructed with an effective
chiral model in mean-field approximation. The hyperon couplings are fixed by repro-
ducing their experimentally determined binding energies. The impact of these couplings
on population of different particles and the equation of state (EoS) are studied in this
work. The global properties of NSs like gravitational mass, radius, baryonic mass and
central density are calculated using parameterized Tolman-Oppenheimer-Volkoff equa-
tions (PTOV) with special emphasis on two effects of pressure - one contributing to
total mass density and the other to self gravity of the star. We find that with PTOV
solutions in static conditions, a softer EoS (including hyperons) can also lead to massive
stellar configurations of NSs, which are in well agreement with the observed maximum
mass bound of ≈ 2M (PSR J0348-0432). Estimates of R1.4 and R1.6, obtained with
the PTOV equations are consistent with the recent findings of the same from the data
analysis of gravitational waves (GW170817) observation.
Keywords: Neutron Star; Hyperons; Equation of State; parameterized Tolman-
Oppenheimer-Volkoff equations
PACS numbers: 97.60.Jd, 26.60.+c, 26.60.c, 14.20.Jn, 04.50.Kd
1. Introduction
Neutron star (NS) core, composed of degenerate matter, is characterized by very
high density (few times the normal matter density ρ0 ∼ 0.16 fm−3) and extremely
low temperature (T = 0 MeV). Under such conditions, the presence of different ex-
otic matter like the hyperons, quarks etc. presents an interesting possibility.1–6 In
this work we study the effects of formation of hyperons (Λ, Σ−,0,+ and Ξ−,0) on NS
properties like mass, radius etc. in an effective chiral model.7–11 It is well established
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that the inclusion of hyperons in neutron star matter (NSM) leads to considerable
softening of the equation of state (EoS) and therefore reducing the maximum mass
of NSs. However, the discovery of massive NSs like PSR J1614-2230 (M = (1.928
± 0.017)M)12 and PSR J0348-0432 (M = (2.01 ± 0.04)M)13 gives rise to the “hy-
peron puzzle”. Several works, done with phenomenological (using both relativistic
or non-relativistic treatments)1–8,14–31 and microscopic32–37 approaches, have in-
vestigated different ways to solve the “puzzle”. The hyperons start appearing at
densities when the neutron chemical potential exceeds the bare mass of the individ-
ual hyperons. But the critical densities of different hyperons depend on the choice
of their respective coupling constants. These couplings can be calculated using the
well-known schemes like the SU(6) quark model theories18–20,36,38–41 giving the
vector and isovector couplings. The scalar couplings are obtained reproducing the
binding energies1–8,26 of different hyperons in saturated nuclear matter, constrained
by certain hypernuclear studies.1,5, 42 Some works14,21,23,43,44 have also considered
more generalized hyperon couplings using the SU(3) symmetry theories to study
the effect on formation of hyperons in NSM and the global NS properties.
NSs are often treated as massive gravity candidates as certain theories of mas-
sive gravity, which consider the graviton mass to be non-zero, has been quite suc-
cessful in describing the properties of NSs, consistent to the observational and
empirical bounds on them.45,46 It is therefore for such objects like NSs, ordinary
General Relativity (GR) may not be a suitable approach. Over a decade several
extended/modified gravity theories came up to explain massive gravity47,48 and
also as alternatives to the dark matter and dark energy theories to explain the to-
tal energy budget of the universe. Few such theories also suggest that massive NSs
may not only constrain the EoS. They may rather also constrain gravity.49–53 There
are several extended/modified theories of gravity like f(R) gravity,53–61 scalar-tensor
theories,62–75 quadratic gravity like Einstein-dilaton-Gauss-Bonnet gravity76,77 and
Chern-Simons gravity,78–81 extended theories of gravity,82–84 massive gravity45,46
which are used to modify the general Tolman-Oppenheimer-Volkoff (TOV) equa-
tions85,86 to calculate the mass and radius of NSs. In certain works51,87–89 param-
eterization of the TOV equations has been done for the same purpose, without
involving any particular theory of gravity. Refs.49,90 (and the refs. therein) recently
present commendable reviews of all such theories in this regard.
In the present work, we evaluate the hyperon couplings, reproducing the binding
energies of each the hyperon species (Λ(-28 MeV), Σ−,0,+(+30 MeV) and Ξ−,0(-18
MeV)38,39,91). We study the effect of formation of hyperons on the properties of
NSs. As discussed earlier, normal GR may not be a suitable approach to calculate
the properties of NSs which are highly compact (M/R ∼ 0.2) and gravitating ob-
jects. Therefore we use the parametrized TOV (PTOV) equations as given by51
with two most important parameters in connection to pressure - the one (β) cou-
pling with inertial pressure to contribute to the overall mass density and the other
(χ) resulting in gravitational effects of pressure, known as the self-gravity of the
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star.50,89 These parameters and their variance are not arbitrary and each has its
own physical significance. We have also constrained the values these two param-
eters within the framework of our model. This modification/parameterization to
normal GR, relevant to the compact objects like NSs, can be applied universally
to all EoS to obtain the properties of NS. For example few relativistic mean-field
(RMF) models, although they satisfy all the saturated nuclear matter properties,
do not fulfill the (2.01 ± 0.04)M mass constraint of NS mass.92 With a simple use
of these PTOV equations, one may achieve mass as ∼ 2M even for these models.
Therefore, it can be said that self-gravity of NSs is equally important as the EoS
to contribute to its net gravitational mass.
The present manuscript is organized in the following way. In section 2 we de-
scribe our effective chiral model including the baryon octet. We also specify our
model parameters and the coupling scheme adopted for the work. The basic for-
malism to obtain static properties of NS using both general and parameterized
TOV equations are also discussed in this section. The results obtained are shown
and discussed in section 3. We also present a possible conservative bound on β and
χ necessary to be consistent with the most massive NSs observed. The final con-
clusions of the work are mentioned in section 4. The results with negative values of
β and χ are presented and discussed in Appendix Appendix A.
2. Formalism
2.1. The Effective Chiral Model with baryon octet
The effective chiral model is based on the zero temperature relativistic mean field
theory. The effective Lagrangian density is given by7–11
L = ψB
[(
iγµ∂
µ − gωB γµωµ −
1
2
gρB
−→ρµ · −→τ γµ
)
− gσB (σ + iγ5−→τ · −→pi )
]
ψB
+
1
2
(∂µ
−→pi · ∂µ−→pi + ∂µσ ∂µσ)− λ
4
(
x2 − x20
)2 − λB
6
(x2 − x20)3 −
λC
8
(x2 − x20)4
−1
4
FµνF
µν +
1
2
∑
B
g2ωB x
2 ωµω
µ − 1
4
−→
Rµν · −→Rµν + 1
2
m2ρ
−→ρµ · −→ρµ (1)
where, ψB is the baryon spinor while τ and γ
µ are the Pauli and Dirac ma-
trices, respectively. The kinetic terms for the ω and ρ fields are − 14FµνFµν and
− 14
−→
Rµν
−→
Rµν , respectively, where Fµν = ∂µων − ∂νωµ and ~Rµν = ∂µρν − ∂νρµ. The
subscript B denotes sum over all baryonic states viz. the nucleons and the hyperons
(sumover index B = n, p,Λ,Σ−,0,+,Ξ−,0). x0 is the vacuum expectation value of
scalar field due to spontaneous breaking of the chiral symmetry and x2 = (pi2 +σ2)
makes both the scalar and vector fields chiral invariant.
The nucleons (N=n,p) and the hyperons (H=Λ, Σ−,0,+, Ξ−,0) interact with ea-
chother via the scalar σ meson, the vector ω meson (783 MeV) and the isovector ρ
meson (770 MeV). The corresponding coupling strengths are gσB , gωB , gρB , respec-
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tively. They are evaluated at nuclear saturation density ρ0 = 0.153 fm
−3 along
with the higher order scalar couplings B and C. The explicit contributions of pions
are neglected in this case since in the mean field treatment, < pi >= 0 and their
mass becomes mpi = 0. Hence we neglect their explicit contributions and consider
only the non-pion condensed state of matter as in.7–9 The baryon mass (mB) and
scalar and vector meson masses (mσ and mω) are given as
mB = gσBx0, mσ =
√
2λx0, mω = gωNx0 . (2)
To account for the asymmetric nuclear matter, we incorporate the isospin triplet
ρ mesons. Although it is possible to consider the effect of interaction of the ρ
mesons with the scalar and the pseudoscalar mesons similar to the ω meson and to
dynamically generate the mass of ρ mesons similar to that of the scalar and vector
mesons, we choose to consider an explicit mass term for the isovector ρ meson
similar to what was considered in.7–11,93–95
The equation of motion (at T=0) for the fields and the corresponding energy
density and pressure of the many baryon system are calculated in relativistic mean
field approach1,96,97 as a function of baryon density.
At higher density, the chemical potential of the neutrons in β-stable NSM equals
and even surpasses the rest masses of the individual hyperons and we take those
hyperons at equal footing with the nucleons. The muons also start appearing when
the electron chemical potential exceeds the rest mass of muons. The charge neutral-
ity and chemical equilibrium conditions are essentially to be imposed to ensure a
state of minimum energy of a charge neutral NSM. The charge neutrality conditions
is as follows
∑
B
QB ρB +
∑
l
Ql ρl = 0 (3)
where, the suffix B is summed over all nucleons and the hyperons while suffix l
denotes sumover all leptonic states. QB and Ql are the charge of baryons and the
leptons, respectively. The total baryon density in terms of Fermi momenta kB is
ρ =
∑
B
ρB =
γ
2pi2
∑
B
∫ kB
0
dk k2 (4)
The value of the spin degeneracy factor γ is 2 for this case and ρl is the density
of each lepton l = e, µ.
The chemical equilibrium conditions are given as
µB = µn −QBµe (5)
µµ = µe (6)
where, µn and µe are chemical potentials of neutron and electron, respectively.
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The baryon chemical potential is given by
µB =
√
kB
2 +m∗B
2 + gωB ω0 + gρBI3B ρ03 (7)
where, I3B is the third components of isospin and ω0 and ρ03 are the mean field
approximate or vacuum expectation values of ω and ρ fields, respectively given as
ω0 =
∑
B
gωBρB(∑
B
g2ωB
)
x2
(8)
and
ρ03 =
∑
B
gρB
m2ρ
I3B ρB (9)
The scalar equation of motion in terms of Y = x/x0 = m
?
B/mB is given by
∑
B
[
(1− Y 2)− B
CωN
(1− Y 2)2 + C
C2ωN
(1− Y 2)3 + 2CσB CωN
m2B Y
4
(∑
B
gωBρB
)2
∑
B
gωB
2
− 2
∑
B
CσB ρSB
mB Y
]
= 0
(10)
where, the scalar density ρSB of each baryon is given as
ρSB =
γ
2pi2
∫ kB
0
dk k2
m∗B√
k2 +m∗B
2
(11)
On the basis of this theory, the equations of state (EoS) i.e. energy density (ε)
and pressure (P ) are evaluated as follows :
ε =
m2B
8 CσB
(1− Y 2)2 − m
2
BB
12 CωNCσB
(1− Y 2)3 + Cm
2
B
16 C2ωN CσB
(1− Y 2)4 + 1
2Y 2
CωN
(∑
B
gωBρB
)2
∑
B
gωB
2
+
1
2
m2ρ ρ
2
03 +
γ
pi2
∑
B
∫ kB
0
k2
√
(k2 +m∗B
2) dk +
γ
2pi2
∑
λ=e,µ−
∫ kλ
0
k2
√
(k2 +mλ2) dk
(12)
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P = − m
2
B
8 CσB
(1− Y 2)2 + m
2
BB
12 CωN CσB
(1− Y 2)3 − C m
2
B
16 C2ωNCσB
(1− Y 2)4 + 1
2Y 2
CωN
(∑
B
gωBρB
)2
∑
B
gωB
2
+
1
2
m2ρ ρ
2
03 +
γ
3pi2
∑
B
∫ kB
0
k4√
(k2 +m∗B
2)
dk +
γ
6pi2
∑
λ=e,µ−
∫ kλ
0
k4√
(k2 +mλ2)
dk
(13)
Here CiB = (giB/mi)
2 are the scaled couplings with i = σ, ω, ρ and CωN =
1
x20
.
The coupling strength for the ρ meson is obtained by fixing the symmetry energy
coefficient J = 32 MeV at ρ0 and is given by,
J =
CρNk
3
FN
12pi2
+
k2FN
6
√
(k2FN +m
?2)
(14)
where kFN = (6pi
2ρN/γ)
1/3 is the nucleon Fermi momentum.
2.2. The model parameters
We choose from ref.7 the parameters which are well in agreement with almost all
the empirical and experimental constraints on nuclear saturation properties like
binding energy per nucleon (B/A), nuclear incompressibility (K), effective mass
(m∗), symmetry energy coefficient (J) and slope parameter (L0) at temperature
T=0 and saturation density ρ0. They are presented in table 1.
Table 1: Parameters of the effective chiral model considered for the present work
(adopted from9) are displayed. CσN , CωN and CρN are the corresponding scalar,
vector and iso-vector couplings. B and C are the higher order couplings of the scalar
field. Other derived quantities such as the scalar meson mass mσ, the pion decay
constant fpi are also displayed along with the nuclear saturation properties derived
for these models.
Model CσN CωN CρN B/m
2
N C/m
4
N m
?
N/mN mσ fpi K B/A J(L0) ρ0
(fm2) (fm2) (fm2) (fm2) (fm4) (MeV ) (MeV ) (MeV ) (MeV ) (MeV ) (fm−3)
NM-I 6.772 1.995 5.285 -4.274 0.292 0.85 509.644 139.710 303 -16.3 32(89) 0.153
NM-II 7.325 1.642 5.324 -6.586 0.571 0.87 444.614 153.984 231 -16.3 32(87) 0.153
The values of nuclear incompressibility at saturation density ρ0 = 0.153 fm
−3
(K = (231, 303) MeV) for the two models are consistent to that suggested by98,99
and the symmetry energy coefficient (J = 32 MeV), calculated at saturation density
for the two models are within their experimental limits.98,100 However, the obtained
December 11, 2018 1:44 WSPC/INSTRUCTION FILE ptovRev
Properties of Neutron Stars with hyperon cores in parameterized hydrostatic conditions 7
value of the slope parameter (L0 = (89, 87) MeV) for the present models are little
more than the bound imposed by101 although recently98,102 suggests the value of
L0 = (25−115) MeV. Moreover, the recent acceptable values of tidal deformability
(Λ1.4 ≤ 800) and radius (R1.4 < 13.76 km) for 1.4 M mass star, are obtained
from gravitational wave (GW170817) detection from binary neutron star merger.103
Recently the co-relation of the symmetry energy slope parameter L0 with Λ1.4 and
R1.4 has been strongly developed after the detection of GW170817. It is shown in
few of such recent works104,105 that these values of Λ1.4 and radius R1.4 can be
also satisfied by EoS with slope parameter L0 ∼ 80 MeV. The EoS for symmetric
and pure neutron matter with the two models are also in good agreement with
the heavy-ion collision data106 as shown in.9 However, the models yield softer EoS
compared to other mean-field models98,107,108 because of high value of nucleon
effective mass (0.85, 0.87)mN obtained with our models. This in turn affects the
properties of NSs.
2.3. Calculation of hyperon coupling constants
In order to investigate the formation of hyperons in NSM and their impact on global
NS properties, one needs to specify the hyperon couplings xiH = giH/giN (where,
i = σ, ω, ρ and H = Λ,Σ,Ξ). We fix the scalar coupling constants xσH = gσH/gσN
and calculate the vector coupling constants xωH = gωH/gωN by reproducing the
binding energies of each hyperon species at saturation density.20,26 The hyperon
potential depths (B/A)H |ρ0 are calculated at saturation density in terms of the
nucleon scalar potential US(= gσNσ0)
93 and the vector potential UV (= gωNω0)
93
using the relation20,40
(B/A)H |ρ0 = xωH UV |ρ0 + xσH US |ρ0 (15)
The binding energy (potential depth) of a particular hyperon species in satu-
rated nuclear matter is the difference between the Fermi energy of the lowest level
(k = 0) of the hyperon and the mass of the hyperon, which eventually results in
eq. 15. The values of potential depths of each hyperon species at saturation den-
sity, extracted from the experimental studies of energy levels of hypernuclei, are
(B/A)H |ρ0 = -28 MeV for Λ, +30 MeV for Σ and -18 MeV for Ξ.38,39,91 However,
studies based on hypernuclear levels restricts the value of xσH ≤ 0.72.1,5 Because
there is no relation between (B/A)H |ρ0 and xρH , we have chosen xρH = xωH since
both ρ and ω mesons have quite close values of mass and also both are responsible
for producing short range repulsive forces.
We study the effect of the couplings on relative population of different baryons
and leptons. We also obtain EoS for the core. For the crust part, having low density,
the well known Baym-Pethick-Sutherland (BPS) EoS109 is employed.
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2.4. General Relativistic and parameterized hydrostatic
equilibrium conditions
Considering NS as undeformed sphere of perfect fluid in static conditions, the prop-
erties like the gravitational and baryonic masses, radius and central energy density
were derived by Tolman85 and Oppenheimer & Volkoff86 (TOV) on the basis of
hydrodynamic equilibrium between gravity and internal pressure of the star. Those
equations (eq. 16 and 17) are derived purely on the basis of general relativistic
theory.
dM
dr
= 4pir2ε (16)
and
dP
dr
= −GM(r)ε
r2
(
1 + Pε
)(
1 + 4pi
2r3P
M(r)
)
(
1− 2GM(r)r
) (17)
where, G is the gravitational constant and c=1.
The parameterized TOV equations51 are given as
dM
dr
= 4pir2(ε+ σ˜P ) (18)
and
dP
dr
= −G(1 + α)M(r)ε
r2
(
1 + β Pε
)(
1 + χ 4pi
2r3P
M(r)
)
(
1− γ˜ 2GM(r)r
) (19)
where, α, β, χ, γ˜ and σ˜ are five free parameters, independent of eachother.
These parameters and their variations are not arbitrary and have proper physical
significance :
• α signifies effective gravitation and is an important parameter for f(R)
gravity,51,53,110,111 where its value is taken to be 1/3.
From the TOV equation (eq. 17), it can be seen that the pressure have two
different roles to play89 - i) the total mass density as
(
1 + Pε
)
and ii) the
total gravitational mass
(
1 + 4pi
2r3P
M(r)
)
. Therefore two separate parameters
are used to take care of the two effects of pressure :
• β parameterizes the inertial pressure contributing to the total mass density
which arises from the conservation of the energy-momentum tensor while
• the parameter χ is introduced for the gravitational mass of NSs, governed
by pressure, giving rise to the self-gravity of the star.89
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• γ˜ relates to the curvature contribution, depending on the geometry of the
star, which is a unique feature of GR configuration. γ˜ = 0 is a Newtonian
case which yields too high values of mass for NSs, breaking the causality
limit.112 This effect is also seen in.51
• σ˜ introduces the effect of gravity to mass function. For neo-Newtonian case,
its value is taken to be 3,113 which is certainly not a complete treatment for
NSs. Thus we keep σ˜ = 0 as in normal GR case. As σ˜ manifests the essence
of gravity to the mass function, therefore many f(R) gravity theories come
up with an additional equivalent condition of σ˜ 6= 0 or more complicated
forms which couples to even higher order values of pressure, along with
α = 1/3.51 In this connection, several works60,82,83 also modify the energy-
momentum tensor for the purpose of restoring the stability condition of the
star.
In normal GR case (α,β,χ,γ˜,σ˜) have configuration (0,1,1,1,0) to get back the
general TOV eqs. 16, 17 while the configuration (α,β,χ,γ˜,σ˜)=(0,0,0,0,0) leads to
pure Newtonian case.
In the present work we study only the two separate effects of pressure, varying
only β and χ and keeping the other parameters same as normal GR configuration.
Note that the configuration (β,χ)=(0,0) in this case does not reduce to Newtonian
case because the setting of γ˜ = 1 still holds the validity of GR condition since γ˜
is related to the curvature of the star, which is very pronounced in case of NSs.
Variation of β and χ under such circumstance (i.e, with γ˜ = 1) brings further
changes to normal GR conditions in terms of pressure. In this work we intend show
that with simple possible variations in the way in which pressure can contribute
to the total mass density and total gravitational mass, we can achieve high mass
NS configurations even with a soft EoS (including hyperons). For this purpose we
vary the parameters β and χ within the extent suggested by.51,89 As the concept
of inertial mass density arises from the conservation of energy-momentum tensor,
it can be said that the inertial mass density varies proportionally with the force
needed by the fluid to withstand gravitational collapse. It is well known that this
force is greater in massive NSs. Therefore the parameter β (as it couples to the
inertial mass density) relates to this binding force of the fluid, which strengthens
further for massive NSs. However, one can also incorporate this feature for massive
NSs by modifying the form of the energy-momentum tensor itself. Also pressure
plays an important role to the the total gravitational mass. The concept of this
mass appears due to the change in pressure dP/dr which can be looked upon as the
equivalent force that accelerates the fluid away from its geodesic.89 With massive
NSs, the effect becomes more prominent and therefore in such cases the parameter
χ relates to the gravitating effects of pressure and the self gravity of the star. The
importance of incorporating these variations in case of high mass NSs configurations
will be portrayed in the following section.
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3. Result and Discussions
3.1. Neutron Star with baryon octet
As discussed in section 2.3, the vector coupling constants xωH and the scalar cou-
pling constants xσH are calculated for the two models. We choose xσH = 0.70
(within the bound set on xσH by
1,5) and calculate corresponding values of xωH for
the two models using eq. 15. For both the two models (NM-I and NM-II) Σ particles
have the maximum value of vector coupling strength compared to that of Λ and Ξ
particles. This is because Σs have positive potential depth while it is negative for
both Λ and the Ξs. It is therefore expected that Σs suffer maximum repulsion in
NSM.
The obtained EoS is shown in fig. 1. NM-I (K = 303 MeV) predicts a stiffer
EoS than NM-II (K = 231 MeV) owing to the larger value of incompressibility K
defined at saturation density.
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
 4
 4.5
 0  0.5  1  1.5  2  2.5  3
P 
(10
35
 
dy
ne
s 
cm
-
2 )
ε (1015 g cm-3)
NM-I
NM-II
Fig. 1: Variation of pressure with energy density for the two models including hy-
perons.
Figs. 2a and 2b show the relative population (ρi/ρ) of different baryons and
leptons as a function of normalized baryon density (ρ/ρ0) for models NM-I and
NM-II, respectively. Here i = B, l. Both the models predict appreciable hyperon
population at the expense of neutrons in NSM. For both the models, the lightest
hyperon Λ appears first (at 1.9ρ0 for NM-I and 2.2ρ0 for NM-II). The next to form
is Ξ− at densities 2.7ρ0 for NM-I and 3.3ρ0 for NM-II, followed by Σ− at 3.9ρ0
(NM-I) and 4.1ρ0 (NM-II). Ξ
0 is the last to be formed at 7.0ρ0 for NM-I and at
7.3ρ0 for NM-II.
For both the models, formation of Σ0 and Σ+ is totally restricted by their
repulsive potential depth. A similar effect has been noted in.6 However, Σ− appears
because the appearance of negatively charged particles are most favored in cold
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Fig. 2: Relative particle population as a function of normalized baryon density.
dense matter at densities relevant to NSs as it is easier for a negatively charged
baryon to replace a neutron atop Fermi level (according to eq. 5).2 However, its
positive and repulsive potential depth (+30 MeV) makes it appear late even after
Ξ− although it is lighter than the Ξ hyperon.18,114 Also it is quite interesting to
note from figs. 2a and 2b, that for both the models Σ− fraction decreases after a
certain density (6.7ρ0 for NM-I and 7.2ρ0 for NM-II), unlike the other hyperons.
This is because at high densities vector repulsive effects are very high on Σs, owing
to their positive potential depth in nuclear matter. The deficit in negative charge
due to decrease in Σ− is balanced consequently by the high population of Ξ− and
the leptons as seen for both the models.
Comparing figs. 2a and 2b we also find that there is feeble shift in critical
densities of hyperons (the density at which they start appearing) and difference
in concentration with respect to nuclear incompressibility and effective mass.7,8
All hyperons appear a bit late and slightly less in concentration in case of NM-
II (K = 231 MeV ; m?N = 0.87 mN ) compared to that in NM-I (K = 303 MeV ;
m?N = 0.85mN ). This difference can be attributed to the difference in effective mass
(m?N/mN ) and nuclear incompressibility (K) between the models NM-I and NM-
II.7,8 Higher value of effective mass (NM-II) the late is the appearance of hyperons.
However, as the difference in effective mass between the two models NM-I and
NM-II are quite less, there is also feeble shift in onset densities of hyperons. For
example the hyperons start to set in at density 1.9ρ0 for NM-I whereas at 2.2ρ0 in
case of NM-II. For the same reason (slightly higher effective mass of NM-II), the
hyperon population for NM-II is slightly less than that for NM-I. The effect is most
prominent in case of the Λs (31% in case of NM-I and 25% in case of NM-II) in
this work (figs. 2a and 2b). On the other hand, a lower value of incompressibility
(NM-II) yields low baryon chemical potential and softer EoS, therefore, disfavors
the early appearance of hyperons. It is therefore the hyperons appear early for NM-
I than NM-II. The results are consistent with7,8 where the effect of formation of
December 11, 2018 1:44 WSPC/INSTRUCTION FILE ptovRev
12 Debashree Sen, Kinjal Banerjee and T.K. Jha
hyperons in light of density and concentration are discussed thoroughly in terms of
effective mass (m?N/mN ) and nuclear incompressibility (K).
The static properties like central energy density (εc), gravitational mass (M),
baryonic mass (MB), radius (R) and radius of canonical mass R1.4 are calculated
subjecting the obtained EoS for the two models to the PTOV equations 18 and
19. For this purpose we vary only the parameters β and χ, as discussed in section
2.4 to understand the two separate effects of pressure. The results are tabulated in
table 2. We find that variation in the parameters β and χ bring significant changes
to mass of NS, without bringing any huge effect to central density and radius.
For different configurations of β and χ in NM-I, the maximum gravitational mass
varies from 1.76 M to 2.13 M, maximum baryonic mass changes from 1.96 M
to 2.25 M and corresponding radius 11.2 km to 11.6 km. For NM-II the maximum
gravitational mass is found to be (1.65 - 2.05) M, maximum baryonic mass ranges
(1.73 - 2.13) M while radius changes (11.0 - 11.4) km. The central energy density
is ≈ 1.84× 1015 g cm−3 for NM-I and ≈ 1.48× 1015 g cm−3 for NM-II. The value
of R1.4 ranges from 12.5 km to 13.2 km for model NM-I with the variations of β
and χ. For NM-II the same is found to be (11.6 - 12.3) km. R1.6 for different values
of β and χ ranges as (12.4 - 13.1) km for NM-I and (11.2 - 12.2) km for NM-II.
Table 2: Static neutron star properties for the models under consideration with re-
spect to the variation in β and χ while α,γ˜ and σ˜ are fixed to normal GR conditions
(α = 0, γ˜ = 1, σ˜ = 0). The results from parameterized TOV such as the central
density of the star εc (in g cm
−3), the mass M (in M), the baryonic mass MB (in
M) and the radius R (in km), radius of canonical mass R1.4 (in km) and R1.6 (in
km) are tabulated.
Model β χ εc M MB R R1.4 R1.6
(×1015g cm−3) (M) (M) (km) (km) (km)
NM-I 0 0 1.84 2.13 2.25 11.6 13.2 13.1
1 0 1.83 2.08 2.17 11.3 13.0 12.9
0 1 1.84 1.97 2.13 11.2 12.8 12.7
1 1 1.84 1.76 1.96 11.2 12.5 12.4
NM-II 0 0 1.49 2.05 2.13 11.4 12.3 12.2
1 0 1.49 1.95 2.06 11.3 12.2 12.1
0 1 1.48 1.75 1.87 11.2 12.0 11.6
1 1 1.48 1.65 1.76 11.0 11.6 11.2
Figs. 3a and 3b shows the variation of gravitational mass with radius for NM-I
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and NM-II, respectively.
0.5
1
1.5
2
10 11 12 13 14 15 16 17 18
M
as
s(
M
)
Radius (kms)
PSR J0348+0432
PSR J1614-2230
β = 0,χ = 0
β = 1,χ = 0
β = 0,χ = 1
β = 1,χ = 1
(a) For NM-I
0.5
1
1.5
2
10 11 12 13 14 15 16
M
as
s(
M
)
Radius (kms)
PSR J0348+0432
PSR J1614-2230
β = 0,χ = 0
β = 1,χ = 0
β = 0,χ = 1
β = 1,χ = 1
(b) For NM-II
Fig. 3: Variation of mass with radius for NM-I for different configurations of β and
χ. The black solid curve shows general TOV solution. Observational limits imposed
from high mass stars PSR J1614-2230 (M = (1.928± 0.017)M)12 (cyan band) and
PSR J0348-0432 (M = (2.01 ± 0.04)M)13 (grey band) are also indicated. Range
of R1.4 (brown line) is marked according to
103,104 while that of R1.6 (magenta line)
is marked according to.103,104,115
The maximum gravitational mass, as seen for both the models, is lowest for
ordinary GR case (where (β, χ) = (1, 1)), obtained using the general TOV equa-
tions. It is maximum for configuration (0,0) (nearly 22% more than that obtained
with the usual TOV solutions). It is clear that with higher value of inertial pressure
contributing to total mass density (i.e. for β = 1), lower is the maximum mass. This
is consistent with the results of.51 Same effect is observed for pressure contributing
to total gravitational mass (self gravity) i.e. maximum gravitational mass increases
with decreasing value of χ. Changes in baryonic mass also follow the same trend as
gravitational mass with the change of parameters. For NM-I, configurations (0,0)
and (1,0) satisfy the bound on NS mass (M = (2.01±0.04)M)13 from PSR J0348-
0432. For NM-II the same constraint is satisfied by configuration (0,0) only. We
find that such modifications to normal GR conditions can give rise to maximum
mass as high as 2.13 M, which is within the cut-off on maximum neutron star
mass (2.0M < Mmax < 2.2 (68 %) and 2.0M < Mmax < 2.6 (90 %)) proposed
by116 and.117 There is considerable increase in value of canonical radius R1.4 with
PTOV solutions (maximum 13.1 km for NM-I and 12.2 km for NM-II) compared
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to that obtained in case of normal GR conditions (12.5 km for NM-I and 11.6 km
for NM-II). However, all the values of R1.4 are still consistent with that obtained
with models like15,23,92,118 and also with the recently suggested value of R1.4 by
refs.,103,104,119,120 calculated from the gravitational wave GW170817 observation
data of binary neutron star (BNS) merger.103 The values of R1.6, obtained with
both the models, are also consistent with the range suggested by103,104,115 for the
same from GW170817.
Overall it can be said that normal GR conditions (β = 1 and χ = 1) yield least
value of gravitational mass of NSs. To explain massive NS configurations, consistent
with observational estimates from PSR J0348-0432 and PSR J1614-2230, values of
β and χ must be very low (figs. 3a, 3b and table 2). All the configurations of
β and χ used to modify normal GR conditions increase the mass (by 6 - 23 %)
from the normal GR configuration with values of radius and R1.4 within the recent
bounds prescribed from GW170817 data. It is noteworthy from figs. 3a and 3b that
the modified effects of pressure on mass density and self gravity of the star are
extremely important when one seeks for high mass configurations of NS. At low
mass, all the variations of β and χ become gradually ineffective and finally overlap
with the normal GR solutions. This effect is also seen in.51
Having obtained the variation of mass with the different configurations of β and
χ, we now constrain their values with respect to the masses of PSR J1614-2230 and
PSR J0348-0432 within the framework of our model. For this purpose we show a
contour plot in the β−χ plane in figs. 4a and 4b for NM-I and NM-II, respectively.
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Fig. 4: Contour plot in β - χ plane for gravitational mass constraints from pul-
sars PSR J1614-2230 (M = (1.928 ± 0.017)M)12 and PSR J0348-0432 (M =
(2.01±0.04)M).13 The red and blue lines indicate the values of β and χ for which
we obtain M = 1.928M and M = 2.01M, respectively. The red and blue shaded
regions represent the allowed values of β and χ to obtain further massive configu-
rations of NSs.
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All the points on the red and blue solid lines in both the figures represent the
configurations of (β, χ) that satisfy the gravitational mass valuesM = 1.928M and
M = 2.01M, respectively. Therefore these lines indicate the minimum deviation
from normal GR case (β = 1, χ = 1) to be taken in order to satisfy the masses
of these massive pulsars PSR J1614-2230 and PSR J0348-0432 with our EoS. The
red and blue shaded regions indicate all the configurations of (β, χ) that yield
gravitational mass more than 1.928M and 2.01M, respectively. It is seen that
with a softer EoS (NM-II) (fig. 4b) one requires much more deviation from the
normal GR condition than that with a stiffer EoS (NM-I) (fig. 4a) in order to
obtain massive NS configurations, consistent with the observational analysis. Also
there is quite a considerable difference between the two contour plots shown for NM-
I and NM-II in terms of the available space the parameters β and χ can span. With
a softer EoS the number of possible combination of (β,χ) that can yield massive
NS configurations are quite less than that in case a stiffer EoS. It is therefore the
massive pulsars like PSR J1614-2230 and PSR J0348-0432 can be used to constrain
the values of these parameters for a given EoS and consequently the allowed space
for them in order to yield massive NS configurations do not remain universal but
model dependent. Thus we find that although the modified effects of pressure on
mass density and self gravity of the star are much essential to obtain high mass
configurations of NS, the allowed extent of such modifications still remain dependent
on the particular EoS. Existing literature presents a large number of theoretical
models suggesting different EoS and composition of NSs which leads to a vast
uncertainty to the EoS of NSs. However, given the EoS with our effective chiral
model, we obtain well constrained values of the parameters β and χ, satisfying the
maximum mass criteria of NSs obtained from observational analysis of pulsars PSR
J1614-2230 and PSR J0348-0432.
4. Conclusion
In this work we have studied the possible dense matter composition of neutron stars
including hyperons. For two model parameter sets, the EoS is obtained with hyperon
couplings reproducing the the binding energies of the individual hyperon species.
The two models show slightly different results regarding the critical densities and
fractions of individual hyperons due to difference in nuclear incompressibility and
effective mass. For both models, the population of Σ hyperons are very less since
they have positive energy (+30 MeV). Σ−, though formed, its population density
decreases after certain value of density. Models NM-I and NM-II also show difference
in gross properties of NS, calculated using both general and parameterized TOV
equations.
One of the important features of the present work is that we show that incor-
poration of the inertial effects of pressure (via β) and the self gravity effects (via
χ) bring significant changes to the mass of NSs. Also the estimates of R1.4 and
R1.6, obtained using PTOV equations for both model parameters with all configu-
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rations of β and χ, are consistent with the recent findings of103,104,115,119,120 from
the data analysis of GW observation (GW170817). Within the framework of our
effective chiral model these parameters β and χ are well constrained in terms of
the observational masses of massive pulsars PSR J1614-2230 and PSR J0348-0432.
Overall it can be said that normal GR conditions (β = 1 and χ = 1) yields least
value of gravitational mass of NSs. The importance of the modifications made to the
normal TOV equations lies in the fact that all the configurations of β and χ used
to modify normal GR conditions increases the mass of NS than that obtained with
normal GR configuration (β = 1 and χ = 1) and help satisfy the observational con-
straints on high mass of pulsars (≈ 2 M)13 and the maximum mass cut-off116,117
in some cases. These features are thus very important when one seeks massive NS
configurations. The different choice of β and χ show that their values must be low
in order to explain massive NS configurations. However, the limiting values of β
and χ to satisfy the most massive pulsar masses12,13 and also the bound on max-
imum gravitational mass116 are model dependent. It appears that self gravity has
more pronounced effect on the gravitational mass because high mass configurations
are obtained only when χ = 0. Although the model yields soft EoS on inclusion
of hyperons, we are able to satisfy the 2 M mass criterion of NSs in static condi-
tions with certain configurations of β and χ. It is seen that massive NSs may also
constraint gravity instead of only the EoS and self-gravity may play an important
role in determining the correct mass of NSs when a particular EoS is considered.
However, at present there is a large amount of uncertainty pertaining to the EoS
obtained from various models. Therefore the extent to which the massive NSs can
constrain gravity still remains inconclusive and a model dependent finding.
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Appendix A. Static Properties of Neutron Stars with negative
values of β and χ
The inward self-gravitating pressure (parameterized by χ) of the star is balanced
by its outward inertial pressure (parameterized by β) to obtain hydrostatic stability
of the stable, non-collapsing, compact NSs. Therefore choosing either of β and χ as
negative implies that both these pressures act in the same direction, leading to hy-
drostatic instability. However, choosing both negative may still render the directions
of these two pressures opposite to eachother but the maximum gravitational mass
obtained is too high (M = 2.83M and R = 11.6 km for NM-I and M = 2.72M
and R = 11.2 km for NM-II) with such a configuration (β = −1, χ = −1). Con-
sequently, for (β = −1, χ = −1) the causality limit on the M − R plane112 is
violated and also the maximum gravitational mass estimates are inconsistent with
the recent bounds specified for the same in ref.116 for both the models. However,
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the value maximum gravitational mass decreases with decreasingly negative val-
ues of β and χ. We find that for NM-I the configurations β = χ = (-0.1 − -0.6)
yield the values of maximum gravitational mass of NSs which are consistent with
the range specified by ref.116 For NM-II the same is satisfied by the configurations
β = χ = (-0.1 − -0.7). Therefore for NM-I the limiting value of β = χ to satisfy
the allowed range of maximum mass116 is -0.6 with corresponding maximum mass
M = 2.58M and radius R = 11.4 km. Similarly, for NM-II the limiting value of
β = χ= -0.7 for the same with corresponding maximum mass M = 2.56M and
radius R = 11.0 km. In figs. 5a and 5b we show the values of maximum mass and
corresponding radius with different negative values of β and χ for the models NM-I
and NM-II, respectively.
1.8
2
2.2
2.4
2.6
2.8
3
3.2
10.6 10.8 11 11.2 11.4 11.6 11.8 12
M
as
s(
M
)
Radius (km)
PSR J0348+0432
PSR J1614-2230
Alsing et al. (68%)
Alsing et al. (90%)
C a u s
a l i t y
β = χ = -0.1
-0.2
-0.3
-0.4
-0.5
-0.6
-0.7
-0.8
-0.9
-1.0
(a) For NM-I
1.8
2
2.2
2.4
2.6
2.8
3
3.2
10.6 10.8 11 11.2 11.4 11.6 11.8 12
M
as
s(
M
)
Radius (km)
PSR J0348+0432
PSR J1614-2230
Alsing et al. (68%)
Alsing et al. (90%)
C a u s
a l i t y
β = χ = -0.1
-0.2
-0.3
-0.4
-0.5
-0.6
-0.7
-0.8
-0.9
-1.0
(b) For NM-II
Fig. 5: Variation of maximum mass with corresponding radius for the two models
with different negative values of β and χ. Observational limits imposed from high
mass stars PSR J1614-2230 (M = (1.928 ± 0.017)M)12 (cyan bands) and PSR
J0348-0432 (M = (2.01 ± 0.04)M)13 (green bands) are indicated. Constraints
on maximum mass from ref.116 are also shown (areas enclosed by purple lines,
indicated by arrows). The causality limit from ref.112 on the M − R plane is also
shown (magenta lines).
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